In this paper we first analyze the algebraic structure of group C *
§1. Introduction
Group C * -algebras provide many important examples in some topics of the theory of C * -algebras such as their representation theory, K-theory, extension theory, etc. (cf. [1] , [2] , [22] ). The (algebraic) structure of group C * -algebras in this paper means their composition series with well understood subquotients. The structure of group C * -algebras for some connected Lie groups was examined by some mathematicians (cf. [5] , [14] , [18] , [21] and [23] ). In particular, the author [18] analyzed the structure of group C * -algebras of the Lie semidirect products C n α R (we often omit the action's symbol α). However, the structure of group C * -algebras for general Lie groups is still mysterious. On minimum. Set dim C (X) = [dim(X)/2] + 1 where dim X is the covering dimension of a space X and [x] means the greatest integer with [x] ≤ x. Let R + be the space of all nonzero positive real numbers, and T k the k-torus group (or space).
Basic formulas of stable ranks. (F3): sr(C 0 (X)) = dim C X + , where X + means the one-point compactification of a locally compact T 2 -space X, and csr(C 0 (R)) = 2, csr(C 0 (R 2 )) = 1, and csr(C 0 (R n )) = [(n + 1)/2] + 1, n ≥ 3.
See [10] , [12] and [15] for (F1), (F2) and (F3). §2. Group C * -algebras of the Generalized Dixmier Groups
First of all, we review the structure of the generalized Heisenberg groups. Let H 2n+1 be the real (2n + 
b). It is obtained by definition of crossed products and the Fourier transform that
whereα a (l, m) = (l, (m i + a i l)) for l ∈ R, m = (m i ) ∈ R n . Since {0} × R n is fixed underα and closed in R n+1 , the following exact sequence is obtained:
Moreover,α on (R \ {0}) × R n is free and wandering. Green's result [5] implies
where the orbit space ((R \ {0}) × R n )/R n is homeomorphic to R \ {0}.
We now give the following definition:
Definition.
Denote by D 6n+1 the real (6n + 1)-dimensional generalized Dixmier group defined by the semi-direct product C 2n β H 2n+1 with the action β as follows:
The group D 6n+1 is a simply connected solvable Lie group of non type I. When n = 1, D 7 is said to be the Dixmier group [3] . It is obtained by the Fourier transform that
Since the origin 0 2n ∈ C 2n is fixed underβ and closed in C 2n , we have that
Moreover, since the subspace C \ {0} in each direct factor of C 2n isβ-invariant
where X 1 means the complement of the disjoint union
the following exact sequences (2 ≤ k ≤ 2n − 1) are obtained inductively:
Moreover, the actionβ on T k is transitive. Thus Green's result [6] implies that
where
Summing up the above argument, the following theorem is obtained:
for k = 0, and
We next analyze the structure of group C * -algebras of the stabilizers
It is obtained by the Fourier transform that
n is fixed underα and closed in R n+1 , the following exact sequence is obtained:
Moreover, the action of
n is free and wandering, so that Green's result [6] implies that
Furthermore, since the orbit of the point (l, m) ∈ (R\{0})×R n is parameterized with the point (l, (m i mod l)
has the fiber structure whose base space is R \ {0} and fibers are T k . This orbit space splits into the product space (R\{0})×T k since any orbit in (R\{0})×R n has the same type.
Moreover, the above ideal is decomposed into
two connected components of (R \ {0}) × T k × R n−k areα-invariant, and each direct factor is assumed to be the C * -algebra of continuous fields over R + with
Case 3. We consider the other cases such that 1 k is not contained in C n ×{0 n } and {0 n }×C n . We may assume that (
In each case, it is obtained by the Fourier transform that
where the actionα is defined byα
since two connected components of (R\{0})×T
each direct factor of the above decomposition is regarded as the C * -algebra of continuous fields over R + with the fibers
and denoted by
where the action θ corresponds to the restriction ofα to {θ}×T
componentwise, each fiber is isomorphic to one of the following tensor products:
which is also proved by considering correspondence between generators of each fiber and those of tensor products. The above tensor factors have the following isomorphisms:
since each action is the shift, and C(T) θ Z ≡ A θ is the irrational or rational rotation algebra. Thus, each fiber is isomorphic to one of the following:
Summing up the above argument, the following theorem is deduced:
Remark. Let Γ be the discrete central subgroup of both H 2n+1 and
.
Taking a refinement of the composition series of Theorems 2.1 and 2.2, we obtain Theorem 2.3.
There exists a finite composition series
subquotients (cf. [6] , [11] ).
Applying (F1), (F2), (F3) to the composition series of Theorem 2.3, it follows that

Corollary 2.4.
For the group 
On the other hand, note that
By using Connes' Thom isomorphism for K-groups of C * -algebras (cf. [2] , [22] ),
Remark. For D 6n+1 /Γ with Γ in the remark of Theorem 2.2, it is obtained that
It follows from the composition series of Theorem 2.3 that
Proof. Notice that if a nontrivial projection exists in a C * -algebra, its image in any quotient is a nontrivial projection or zero. On the other hand, each subquotients of C * (D 6n+1 ) has no nontrivial projections since each sub-
has a commutative C * -algebra on a noncompact connected space as a tensor factor.
Remark. There exist nontrivial projections in K and
§3. The Lie Semi-direct Products of C n by Connected Lie Groups with Multi-diagonal Actions
Let G be a connected Lie group defined by the semi-direct product C n α N with N a connected Lie group. The action α is also a Lie group homomorphism from N to GL n (C). Denote by dα the differential of α from the Lie algebra N of N to the Lie algebra M n (C) of all n × n matrices over C. Moreover, suppose that the action α is induced from the following commutative diagram: Proof. Since the action of N on C n 0 is trivial, it follows that
By the same argument before Theorem 2.1, we obtain a finite composition series
and
the action of N on each direct factor of (C \ {0}) k 1 is free and wandering, and that on (C \ {0}) l 1 is the multi-rotation by R l 1 , and that on (C \ {0}) l 2 is the multi-rotation by T l 2 . If k 2 = 0, it is obtained by Green's result [5] that
where the orbit space (C \ {0}) k /N is homeomorphic to T k . Next suppose k 2 ≥ 1. Note that for the restriction of the action of N to (C \ {0})
by N has the same structure for whether
are real or not. Thus we may assume that all λ i j (1 ≤ j ≤ k 1 ) are real. Then the action of N on the circle direction of each direct factor of (C \ {0}) k 1 is trivial, and that on the radius direction of each direct factor of (C \ {0}) k 2 is also trivial. Hence it follows that
Since the action of N on R
. Even if N is nilpotent, the structure of C * (N 1 k ) is still mysterious.
In the above setting, if G is a Lie semi-direct product of R n by a connected Lie group N with a real 1-dimensional, multi-diagonal action (λ i ∈ R), it is obtained that
Theorem 3.2. If G is a Lie semi-direct product of R n by a connected
Lie group N with a real
Proof. Since the action of R on R is trivial or the translation, and that of T on R is trivial, the action of N on each direct factor of (R \ {0}) k is free and wandering. Thus Green's result [5] implies that
As a special case of Theorem 3.1, let N = H 2n+1 and G = C 2n β H 2n+1 .
We assume that the action β on C 2n is the diagonal sum: 
, and m i , l i ≥ 0 (i = 1, 2), we may assume that
By the Fourier transform,
By the similar reasons as before Theorem 2.2, the ideal in the above exact sequence is isomorphic to the 2-direct sum 
Remark. In the above statement, ⊗ q A θ is regarded as a noncommutative torus of the form C(T q ) Θ Z q where Θ is the multi-rotation by the same angle θ (cf. [13] ).
As a corollary, it follows from the same argument of Corollary 2.4 that
Corollary 3.5.
Under the same situation with Theorem 3.4, it is obtained that sr(C * (G)) = n 0 + n + 1 = dim CĜ1 , and csr(C * (G)) ≤ n 0 + n + 1.
To compute the stable rank and the connected stable rank of C * (G) in Theorem 3.1, we need to compute the stable ranks of C * (N ). Fortunately, if N is a simply connected, nilpotent Lie group, then sr(C * (N )) = dim CN1 ( [19] ).
Furthermore, this formula is extended to the connected case ( [20] If N is a connected nilpotent Lie group, then
Proof. If N is simply connected, we use the structure of C * (N ) in [19] , Proposition 3.6 and (F1). Also, the inequality in the statement is valid in the connected case because if N is connected, then C * (N ) is regarded as a quotient of C * (Ñ ) of the universal covering groupÑ of N , so that the structure of C * (N )
is inherited from that of C * (Ñ ).
Applying the above estimates and (F1-F3) to Theorem 3.1, it is obtained that Corollary 3.8.
In Theorem 3.1, if N is nilpotent, then
Proof. In Theorem 3.1, notice that
and C n 0 × N is a connected, nilpotent Lie group. By Theorem 3.1,Ĝ 1 is homeomorphic to the product space C n 0 ×N 1 . Thus it follows from the rank estimates given above that
On the other hand, it is obtained that Remark. As an example, let M 5 the Mautner group defined by the Lie semi-direct product
and an irrational number θ.
If the action of M 5 on C is nontrivial, then sr(C * (G)) = 2 and csr(C * (G)) = 2 (cf. [18] ). If the action is trivial, these stable ranks of C * (G) are 2 or 3.
The complex multi-dimensional case.
By [18] , the structure of
Thus we now consider the structure of C * (C
where C n 0 is the fixed point subspace under the action of T.
Proof. The argument before [18, Proposition 3.1] implicitly shows that α may be diagonal by taking a suitable base of C n . Otherwise, we have the contradiction against compactness of orbits under α. Then we may have the diagonal sum α(e it ) = ⊕ n k=1 e iθ k t with θ k = 0 for 1 ≤ k ≤ n 0 with some
Moreover, by the same way as Theorem 3.1, the tensor product on the right side has a finite composition series {I k } n−n 0 +1 k=1 such that
T and an orbit of T is compatible with the action
Remark. The structure of group C * -algebras of Lie semi-direct products R n α T is obtained similarly by taking quotients of group C * -algebras of
The following theorem is obtained from the above argument:
Proof. Note that C * (G) splits into the tensor product of 
Remark. This theorem is a generalization for the case n = 1, m = 0 obtained in [18] . If C s is replaced by R s , the structure of 
Thus, we may assume that the action of R n−m × T m on each direct factor is nontrivial. Then of C * (G) with subquotients I j /I j−1 isomorphic to
with u j , v j ≥ 0. From the analysis of actions of R n−m × T m on C \ {0} in the previous section, each direct factor is isomorphic to the direct sum of tensor products
by translation, on those of T v j2 by rotation and on those of (C \ {0})
the tensor factor C 0 (R) or C 0 (Z). Thus we assume that each direct factor of R n−m × T m acts on X j nontrivially.
Suppose that the action of R n−m ×T m on X j is wandering. We can analyze the orbit space
every orbit in this subspace has the same type. Thus X j is homeomorphic to the product space of Ω j and an orbit. Thus, Green's result [6] implies that
and it is isomorphic to a product group of either R, T or Z. 
If the action of N on X j is wandering,
where N z j is the stabilizer of z j ∈ X j and Ω j = X j /N . If the action of N on X j is not wandering, it follows from some techniques of foliation C * -algebras 
where the second, third cases respectively correspond to that the action of M 5 ] is free, the multi-rotation on an invariant subspace of R u × C v .
Moreover,
where the lower isomorphism is obtained by some techniques of foliation C * -algebras (cf. [9] ). In the upper case, since T q j × {0 2 } is invariant under the action of R, it is obtained that
with the quotient isomorphic to (C(T q j −1 ) Z) ⊗ K, and
where two direct factors of the quotient, and the ideal are respectively isomorphic to
(cf. [18] ). On the other hand, the structure of C * (M 5 ) is given by [18] . Moreover, C * (G) has no nontrivial projections.
